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Abstract 

We study spectral action for Riemannian manifolds with boundary, and then 
generalize this to noncommutative spaces which are products of a Riemann- 
ian manifold times a finite space. We determine the boundary conditions 
consistent with the hermiticity of the Dirac operator. We then define spec- 
tral triples of noncommutative spaces with boundary. In particular we eval- 
uate the spectral action corresponding to the noncommutative space of the 
standard model and show that the Einstein-Hilbert action gets modified by 
the addition of the extrinsic curvature terms with the right sign and coeffi- 
cient necessary for consistency of the Hamiltonian. We also include effects 
due to the addition of dilaton field. 
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1. Introduction 

Boundary of manifolds play an important role in many physical theories, 
such as anomalies, Chern-Simons theories, topological theories, conformal 
theories and gravity. Riemannian geometry of manifolds with boundary are 
well understood. This is not the case in noncommutative geometry where 
the spectral triple associated with the boundary of noncommutative space 
has not been defined. The spectral action principle in noncommutative ge- 
ometry states that the physical action depends only on the spectrum. In 
particular, the simple assumption that space-time is a product of a contin- 
uous manifold times a finite space of ifO-dimension 6 results uniquely in 
the noncommutative space of the standard model, predicting the number 
of fermions to be 16 and determines the correct representations of these 
fermions with respect to the gauge symmetry group SU(3) x SU{2) x U{1) 
[9], [8]. The spectral action is defined as the trace of an arbitrary func- 
tion of the Dirac operator for the bosonic part and a Dirac type action 
for the fermionic part including all their interactions. The action is then 
uniquely defined and the only arbitrariness one encounters is in the first 
few moments of the function which enter in the spectral expansion with the 
higher coefficients suppressed by the high-energy scale. One essential point 
in the analysis is that the formulation is defined in terms of operators of 
compact resolvent, and thus the space considered is Euclidean. Therefore 
the model thus defined will correspond to Euclidean quantum gravity and 
will need Wick rotation to go to spaces with Lorentzian signature. Space- 
time is then assumed to have the topology of £ x R where £ is a three 
dimensional space. In studying the dynamics of the gravitational field by 
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performing the 3 + 1 splitting, one discovers that the Hamiltonian obtained 
from the Einstein-Hilbert action, contains additional unwanted surface term 
that could be eliminated exactly by adding a surface term equal to twice the 
extrinsic curvature of the boundary three space. Alternatively, the variation 
of the Einstein-Hilbert action is inconsistent for manifolds with boundary 
without the addition of the extrinsic curvature term. The question we have 
to face is whether the spectral action for manifolds with boundary gives the 
correct boundary terms. This will be a severe test on the spectral action 
principle, because the boundary terms are completely fixed and there is es- 
sentially no freedom allowed to change any of these terms. The plan of this 
paper is as follows. In section 2 we summarize properties of Riemannian 
manifolds with boundary. In section 3 we evaluate the spectral action for 
a Dirac operator on a Riemannian manifold with boundary. In section 4 
we define the spectral triple associated with a noncommutative space with 
boundary. In section 5 we evaluate the spectral action for the noncommu- 
tative space of the standard model taken to be with boundary. In section 6 
we include the effects of a dilaton. Section 7 is the conclusion. Appendix A 
is our calibrating example where the manifold is taken to be the disk, and 
this can be used to check the sign conventions. Appendix B is a summary 
of the variation of the Einstein-Hilbert action in presence of the boundary 
term. The results in this paper were announced in |10j . 



2. Riemannian manifolds with boundary 

We shall first give some definitions concerning embedding of hypersurfaces 
in a manifold that will enable us to perform the computations in a covariant 
way. Let us denote the coordinates of the manifold M by {x^} and of the 
hypersurface by {y a } and define the unit inward normal to the hypersur- 
face by such that g^n^n" = 1 where gn U is the metric on M which is 
assumed to be Euclidean. Define the functions e M (y a ) as the embedding of 
the hypersurface in M and let 

(1) e fl = — 

then the metric on M induces a metric h a b on the hypersurface such 
that 

(2) hab = 9iw e a & b 

and where the inward normal is orthogonal to e% 

(3) 9^e v a = 0. 

It is convenient to define = g^ u n u so that n^ea = 0. We now define the 
inverse functions by 

(4) = 5 b a 



which satisfies the two conditions 

(5) e%e a u = 5Z-n»n u , n^ = 0. 
We therefore can write 

(6) fiv = h ab e*e b v + n^n u . 
The inverse to the the metric h ab is given by 

(7) h ab = g^e«e b u 
and fulfills the relation 

(8) = h ab e%el + n"n v 

where g^ v is the inverse of g^ u . This shows that any tensor can be projected 
into the hypersurface using the completeness relations for the basis {e°, n^} . 
We now define the Clifford algebra 

(9) {y, 7 -} = _ 2 <r, frv = !,-•• ,dimM 
and project these to define 

(10) 7 n = W 7° = 7 M < 
which satisfy the properties 

(11) 7 n 7" = -l, {7 a ,7 b } = -2^, {7 a ,7 n } = 
which follow from the relation 

(12) y» = e £ 7 a + n'V*. 

We will specialize to manifolds of dimension 4 so that a local coordinate 
system on dM will be denoted by {y a } = {y 1 -,y 2 ,y 3 } and for M denoted 
by {x^} = {x l , x 2 , x 3 , x 4 } . We then define on dM 

(13) X = -^e afec 7a767c 75 = Xln 
which satisfy 

(14) X 2 = 1, X7a = 7aX, X7n = ~7nX 

(15) 75 = 1) X75 = -75X- 

The normal vector satisfies the properties ([18J Chapter 3) 

(16) = -K ab efc b u 

where the covariant derivative ; v is the space-time covariant derivative and 
K ab is the extrinsic curvature whose symmetry follows from the relation 
e a-b = e b a- ^he Gauss-Weingarten equation is [18] 

(17) e^ b = K ab n»+^r c ab eZ 

where ^r^ b is the three dimensional affine connection and is given by 

(is) (3) r^ = e^A- 



3. Spectral action for noncommutative spaces with boundary 

To compute the spectral action including boundary terms, for noncommu- 
tative spaces, we will utilize the known results which lists the Seeley-deWitt 
coefficients for elliptic operators which are the square of the Dirac operator. 
An important ingredient in the calculation is to specify the boundary condi- 
tions that must be imposed on the Dirac operator [2] [3]. We start with the 
observation that the Dirac operator must satisfy the hermiticity condition 

(19) = . 

This condition is satisfied provided that the following Dirichlet boundary 
condition is imposed ([20] (3.30) p. 297) 

(20) n_*| 9M = 

where the projector n_ is given by 

(21) n_ = l(i- x ). 

We first write the square of the Dirac operator in the form 



(22) 


P 


(23) 




where 




(24) 




and 




(25) 


E = 


(26) 




(27) 





-g, u (A" + S ^r^ (g)) 



It is convenient to write the Dirac operator in the form 

(28) D = 7 M V; t - $ 
where V M = + uj^ with 

(29) w„ = \u^ la p 

is the spin connection determined by the vanishing of the vierbein covariant 
derivative 

(30) d^-co^e^-rf lu (9)e a p =0 
where 

(31) T^ (g) = X -gP° (3^ + d v9lMT - d a9ilv ) 

is the Christoffel connection of g^ = e°e va . Note that should not be 
confused with e" as the index a refers to the tangent space T(M) and is 



four dimensional and has the flat metric 8 a R- The covariant derivative V n is 
along the normal direction and is defined by 



(32) 
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and the index n always refers to the projection of the vector index along the 
normal direction. The boundary conditions for D 2 are then equivalent to 



(33) 

Here n_, 

(34) 

with 
(35) 

where 
(36) 



b x * = n_ (*) \ 9M en + [v n + s) n+ (*) l8u 

1 — n_, and the operator S is 

S = U+ U,<\> U„:"Y ) I I ; 



0. 



V a x = daX + 



K abX l n l b +[0a,x] 



ljj n 



To prove the above relation we write 
(37) 

n- (7 n V n + 7 a V a -^)^\ d M = i n (V n + ln $)ii + *\ dM + n_, 7 Q v a 



where we have used n_^' 



8M 



and j a V a (n_* 



8Mj 



0. We then have 



n-,7 a v a 



^\dM 



n_ ( n+*|8M 



7 "n+ ( - 7 n7 a v a x ) n + *u. 



We also have the relations 

(38) E = -fV^ - $ 2 

(39) f> 



The Seeley-deWitt coefficients for second order operators on manifolds with 
boundary were calculated by Branson and Gilkey [2] , [3] and are given by 
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(40) 



ao (P,X) 



71/ 



(41) 



oi (P,x) = 



(42) a 2 (P, X ) = — ^ / d 4 x^Ti {6E + R) + J d 3 xVhTr {2K + 125) J 

\M 8M / 



a 3 (P, x) = — 3- f d 3 xVhTi (96 X E + 3K 2 + 6K ab K ab 

384f4vr)2 J V 

-,2 ' — a 



384(4tt) 



(43) +9QSK + 192S 2 - 12V aX V X 



j d 4 x^Tr (60RE + 180E 2 + 300^0^ + 12 (R + 5E) 

M 

+5R 2 - 2R^R^ + 2R llupa R^P°) 
+ /" d 3 xVhTr (l80xV n E + 120££T + 20RK 



dM 

+ 4ir_£T - l2R a nbn K a b + 4i? c acfe i^ b 



+ — (l60K 3 - A8KK ab K ab + 272K a b K b c K c a 
+ 720SE + 120SR + UASK 2 + 48SK ab K ab + 4805 2 i^ + 480S 3 



(44) 



+m X V' a x^an ~ 12VlxV a x (K + WS) - 2AV' aX V' b xK ab ) } 
The Riemann tensor is defined by 

(45) Rfivpa = 9<jt ipii^up ~ dv^np + ^- nKpvp ~ ^vkF up) 
and its contractions are 

(46) = g^R^pav, R = gTRp, 

We are using the conventions of Gilkey. They are related to the ones used 
by Misner-Thorn- Wheeler by 

(A7\ /? G — - P MT W r>G _ dMTW oG _ nMTW 

\fi I ) ^p.vpu ^p.vpa ' ^fiu lx p,v 1 

The curvature defined by the spin connection is 

(48) R$ ( W ) = d^f - dvuf - + ufHoA 
and is related to the curvature of the Christoffel connection by 

(49) R$ (u>) e pa e af3 = R G upa , R$ ( W ) e£e£ = -R G . 

We note that the R we used in [5] has the opposite sign to R G where the 
curvature is positive for spheres. 
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The formulas expressing the projections of the Riemann tensor on the bound- 
ary in terms of the three curvature and the extrinsic curvature are 

Rabcd =^ Rabcd + {KacKbd ~ K ad K bc ) 

Rnan = 9 W n v {n Kup - n Kpv ) = K 2 - K ah K ab + cov. div. 

In particular, we can apply these results to the square of the Dirac operator. 
We shall start with the simplest example of the Dirac operator of a pure 
gravitational fields, and later generalize the results to the general case of the 
standard model. 



4. Spectral action for Riemannian manifolds with boundary 
In this case we have 

(50) D = ^{d^ + uj ll ). 
To use the above formulas we have 

(51) u,; = u^, $ = 
and 

(52) S = R + (-I 7n7 "YK a67 V) = —KIL, 
where we used 7n7 a X7 n = — X7n7 a 7 n = — Xl a ■ We also have 

(53) E = ~\ R > ^'aX = K abX 7 n 7 b . 
Substituting Tr(l) = 4 and Tr(S) = -K we have 

(54) a (P,x) = ^jd 4 x^. 

M 

Next we calculate 

(55) a 2 (P, X ) = I f d4x V9 Tl ( GE + R ) + J d 3 xVhTt (2K + 125) 

XM dM / 

we use 

Ti(6E + R) = -—Tr(l) 

(56) Tr(2K + 12S) = -KTr(l) 

because Tr(n + ) = i. In this case Tr(l) = 4 (trace over Dirac matrices). 
Substituting into the formula for a 2 gives 



(57) ^(P,x)- 247r2 



^2 ( / d4x V9 ("^) + J d 3 xVh(-K) 

W dM / 



8 



The important point in the above result is the emergence of the combination 

(58) - J d 4 x^R -2 j d 3 xVhK 

M dM 

as the lowest term of the gravitational action which is known to be the re- 
quired correction to the Einstein action including the surface term which 
makes the Hamiltonian formalism consistent. The consistency of the varia- 
tion of this action is summarized in appendix 2. This is remarkable because 
both the sign and the coefficients are correct. The only assumption we made 
is that the boundary conditions are taken to satisfy the hermiticity of the 
Dirac operator. This is yet another miracle concerning the correct signs ob- 
tained in the spectral action of the Dirac operator. We also notice that the 
relative coefficient between R and K depend on the nature of the Laplacian. 
The desired answer is obtained naturally for the Dirac operator, but not for 
a general Laplacian. 
We continue to compute 

a 3 (P, X ) = — 3- f d 3 xVhTr (96 X E + 3K 2 + 6K ab K ab 

384(4vr)2 J V 

(59) +96SK + 192S 2 - l2V' a xv' a X ) . 
We first note that Tr(96x#) = and 

(60) Tr (sK 2 + 6K ab K ab + 96SK + 192S 2 ) = Tr (1) (zK 2 + 6K ab K ab ^j 

while 
(61) 

Tr (-12Vl X v\) = Tr (-12if a6X7 n 7 f 'K acX j n l C ) = -\2K ab K ab Tx (1) 

where we have used Xl n l b Xl n l c = —j n ^ b j n ^/ c = —j b j c . Collecting the 
above terms give 

(62) a 3 (P, X ) = / d 3 xVh (k 2 - 2K ab K ab ) . 

32(4vr)2J V > 

y ' dM 

Finally we turn our attention to the computation of 04 which is rather 
complicated. First we evaluate 

Tr (60RE + 180£ 2 + 30^^ + 5r2 ~ ^R^R^ + 2R llvpa R llvpa - 3R.£) 
(63) 

= Tr (1) X - (5R 2 - 8R^R^ - IR^R^ - 12R£) . 
We then use the identities 

(64) R^ pa R^P° - AR pv R» u = R*R* - R 2 

(65) R pvp(J R^ pa - 2R pu R pu = C 2 upcr - -R 2 



where R*R* = je^ vpa e a ^R ilv a ^ ' R prj 1& ' . These identities are solved to give 



(66) R^R^ = 2C 2 upa + l -R 2 - R*R 



(67) R^BT = -C 2 up<T + -R 2 - -R*R* 
and can be combined to show that 

(68) 5R 2 - 8R 2 pu - IR^vpv = \IR*R* - \8C 2 upcr . 
We continue by evaluating 

Tr (l80 X V;£ + 120EK + 20RK + 4R a nan K - \2R a nbn K b + 4R c acb K ab ) 
= Tr (1) (-IQRK + 4R a nan K - l2R a nbn K b + 4R c acb K ab ) 

In addition the expression 

— Tr (l60K 3 - 48KK ab K ab + 272K a b K b c K c a ^j 

cannot be simplified. Next we have 

Tr (720SE + 120SR + U4SK 2 + A8SK ab K ab + A80S 2 K + 4805 3 

+m x V a x n an - nV aX V a x (k + 10s) - 24V aX V bX K ab " 



- * (no (-f ) (-£) + 12 o (-f R ) + H4 (4*.) + 4S (-f ^« 

+ 480— -if + 480 (- — - J + 60K abX 2 ^ 7 b -R an a ^ 

-12 (k - ™K^J ^acX7V^adX7V " 24^ acX7 "7 c K MX7 " 7 d K a6 

The factors of | appearing above are due to the presence of n + = \ (1 + X ) ■ 
Evaluating the traces, the above expression simplifies to 

Tr (1) (l5KR - 6K 3 + 30R an bn K ab + 6KK ab K ab - 24K b K b c K^ 
Combining all the above terms give 

Tr (1) (bRK + 4R a nan K + \8R a nbn K b + 4R c acb K ab 
(69) +^ (l7K 3 + 39KK ab K ab - U6K a b K b c K c a ^ . 
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Thus the final expression for 04 is given by 

° 4 (P ' X) = 360 1^2 I / rf4x Vfl (5^ 2 " 8i?^ - 7i?^ p<r - 12i2.£) 

+ 4y d 3 x\//I ^ (l7if 3 + 39KK ab K ab - 116K*K b c K c a ^j 

dM 

(70) + (5^ + 4i^ a nan + 4K afe i? c acfe + 18i? anbn ET afe ) } . 
Collecting terms, the spectral action is then given by 

(71) / = 2 (/ 4 A 4 a + M 2 a 2 + /iAa 3 + / a 4 ) + O 

5. Spectral Action for the noncommutative space of the 
Standard Model with boundary 

It was shown recently [Sj, [9] by making the basic assumption at some high- 
energy scale that space-time is described by a noncommutative space which 
is a product of a continuous four-dimensional Riemannian manifold times 
a finite space, it is possible to almost uniquely determine the algebra and 
Hilbert space of the finite space. The main constraints come from the axioms 
of noncommutative geometry, as well as from the physical requirement that 
there is a mixing between the fermions and their conjugates, which turns 
out to imply that the neutrinos get a Majorana mass through the see-saw 
mechanism. Under these conditions, the algebra is given by A = C°° (M) (g) 
Af where the algebra Af is finite dimensional, Af = C © H © M3 (C) , 
and EI C M2 (C) is the algebra of quaternions. The important point to 
emphasize is that the number of fermions is predicted to be 4 2 = 16, and 
the representations of the fermions follow from the decomposition of the 
representation (4, 4) with respect to the subalgebra C © EI © M3 (C) of EI © 
EI © M4 (C) . The spectral geometry of A is given by the product rule 

U = L 2 {M,S)®U F , D = D M ®l + 75®D F 

where L 2 (M, S) is the Hilbert space of L spinors, and Dm is the Dirac 
operator of the Levi-Civita spin connection on M. The operator Dp anti- 
commutes with the chirality operator 7^ on Tip- The spectral geometry does 
not change if one replaces D by the equivalent operator 

D = D M © If + 1 © D F 

but this equivalence fails when M has a boundary and it is only the latter 
choice which has conceptual meaning since 75 no longer anticommutes with 
Dm when dM 7^ 0. The noncommutative space defined by a spectral triple 
has to satisfy the basic axioms of noncommutative geometry. The charge 
conjugation operator J for the product geometry is then given by 

J = Jm 75 © Jf 
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which commutes with the operator D since in even dimension Jm commutes 
with Dm while in dimension 6 modulo 8, Jf anticommutes with jf- The 
ETO-dimension of the noncommutative space must be taken to be equal to 
6 to insure that the fermions and their conjugates are not independent, and 
thus avoiding the fermion doubling problem. 

Our main interest now is to derive again the spectral action of the standard 
model, including boundary contributions. The computations are very com- 
plicated, and because of this it is important to device a way to make this 
calculation tractable. The starting point is the observation that the inner 
fluctuations under the action of the unitary transformations of the algebra, 
forces the Dirac operator to be modified to 

(72) D^D A = D + A + JAJ-\ A = ^a[D,b]. 

The Dirac operator acts on the 96 dimensional space of the three families of 
16 dimensional spinors and their conjugates, and splits into a leptonic sector 
and a quark sector. It turns out that we can get a handle on this calculation 
by considering first the much simpler problem of a Dirac operator of the 
type: 
(73) 

7"((^ + ^)1jv + 5 m )®7,f H 

# f 7 M ((d M + ^)l M + 5 M )®7F 

where is an N x TV matrix valued gauge fields. We shall then define 
substitutions which will enable us to find the answer for the general case 
without much difficulty. 

Having defined D = 7 M V M — $ we can easily deduce that 



D A 



(74) $ = - 



7^5 M ® lF H 



We then evaluate D 2 and put it in canonical form to find that 



(75) 


= 

B = (d^ 


(76) 


+ 


where 




(77) 


X = 


(78) 




(79) 


F,u (B) = 



2 



From these we can construct w , E and fl^ : 
(80) = l N +M + B^l 2 
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(81) = ^ (^ Q/3 7a^) liV+2 + (5) 1 2 

(82) 

E - \--R) l N+2 + ^ _ rv ^ g, 7F -I 7 ^F„ (B) - HtH ) 

(83) ^ = ^ - w„ = B M 1 2 . 

From these relations, and assuming that the boundary condition that the 
normal components of the vectors vanish on the boundary 

B n \dM = 

we deduce that: 

(84) S = U + (^~Kl N+2 

The reason for the vanishing of all Higgs and vector terms from the S is 
the relation n + 7 n II + = and IT + 7 n 7 a n + = 0. 

We now derive the Seeley-de Witt coefficients a n . Starting with ao we have: 

(85) a (P, X ) = ^±^Jd^ 9 . 

M 

(To facilitate going to the standard model at a later stage and to make use 
of the results there, we will include all numerical factors in the Tr(..), thus 
in what follows we will not take out the factor 4 coming from tracing over 
Dirac matrices). Next we find a 2 by evaluating the various parts 

(86) Tr (6E + R) = -^Tr (ljv +2 ) - UTiH^H 

(87) Tr (2K + 125) = -KTi (1) 
because Tr(IT + ) = \. Thus 

(88) 

a 2 (P, X ) = -^2 | J (fx^ Qi?Tr (1jv +2 ) + 12Tr + J d 3 xVhTr (l N+2 ) K 

W dM / 

Next we find 03 by computing its parts: 

Tr (96x#) = 



(90) 

Tr (W 2 + 6K ab K ab + 96SK + 1925 2 ) = 3Tr (1jv +2 ) (k 2 + 2K ab K ab ^) 
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(91) Tr (-12V' aX v' a x) = -12K ab K ab Tr (l N+2 ) . 
Therefore after substituting, a 3 simplifies to: 

(92) a 3 (P, x) = ^— r / d 3 xVh ( (k 2 - 2K ab K ab ) Tr (l N+2 j) ■ 

128(4vr)2J VV J J 

Finally, we turn our attention to 04 and concentrate on the terms which were 
not present in the pure Riemannian case. First we simplify the combination: 



Tr [mRE + 180£ 2 + 30^^ + 5r2 ~ IR^R 1 ™ + 2R^ p<T R^ f " T + 12(R + 5E) 
= Tr ((-15 + ^ + 5^ 2 + (^2 - ^ R^R^P" - 2R^R^ -3(R)£ - 120 (tfttf) ' 

+ (180 - 120) RH ] H - (180 - 60)i^ + 360 (h ] + 360V M i? f V M ^ 
= Tr (l N+2 ) \ (-18C^ + \\R*R* - 12 (R).fi 

+ 360 (tt (H ] H^ 2 + TrV^V^H + ^RTrH^H - ^TrF 2 ^ - 120Tr " 



Next we consider: 



Tr (l80 X V^ + 120£*T + 2QRK + \R\ an K - UR a nbn K b + m c acb K ab ) 
= Tr (l N+2 ) (0 + 120 (-| - 2rfH) K + 2QRK + - 12i? a „ 6n ^ a 6 + ±R c acb K ab ^j 

= Tr (ljv+2) (-1QRK + 4i? a nan K - 12R a nbn K a b + ±R c acb K ab ) - 240K TrH^H. 

where the only change from the purely gravitational case is the addition of 
-240K TtH^H. The combination 

^-Tr (l60K 3 - 48KK ab K ab + 272K%K b c K c a ^ 

does not simplify. Next we consider 

Tr (720SE + 120SR + U4SK 2 + 48SK ab K ab + 4805 2 K + 4805 3 



_/ ta 



ah 



+60 X V X ^a„-12V aX V X (K + WS) - 2AV aX V bX K 

and note that the only change from the purely gravitational case is that 
Tr(720S*i?) will give the extra term 360-ftT TiH^H. The next three contri- 
butions 
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Tr (60 X V' a x^a„) = Tr (W^XtV (jRan^lap + F t 
= Tr(l N+2 ) (30R a nbn K a b ) 

Tr (-12Vl X V' a x (K + 105)) = Tr (1^) (l&KK ab K ab ) 

Tr {-24S7' a xV' bX K ab ) = Tr (l N+2 ) {-2AK%K b c K c a ) 

remain unchanged. Therefore the total change for the boundary term from 
the purely gravitational case is the addition of 

(93) (-240 + 360) KTtH^H = UOKTrH^H. 

Combining all the above terms give 



a 4 (P, X ) 



16vr 2 



M 

+Tr (|V^| 2 + (h^h) 2 + l RH t H _ ^ _ l Tr 

+ 3^0 / d3x ^{§[ { 17R3 + ^ KK abK ab - l\QK b K b c K c a ) Trl N+2 

dM 

(94) 

+ (hRK + 4KR a nan + 4K a6 i? c ac6 + l8R anbn K ab ^j Trl N+2 + 120inYtfttf }} 

We can now apply these formulas to the Dirac operator of the Standard 
model by making the following substitutions 

(95) Trl^v+2 -> (96 + 288) = 384. 

For the trace in the leptonic sector we have 

Tr(l) = 4 • 3 • 4 • 2 = 96 

where the first 4 is from the trace of gamma matrices, the 3 is for number 
of generations, the 4 is the dimension of the basis for leptons, and 2 is for 
summing over fermions and conjugate fermions. In the quarks sector we 
have 

Tr(l) = 4 • 3 • 4 • 2 • 3 = 288 

where the last factor of 3 is for color. Next for the Higgs field we make the 
substitution 



15 



(96) 
where 



(97) a=tr 3|fc"| 2 + 3 



k c 



+ \kT + \k h 



and c = tr 



(r*i 2 )- 



and the factor 8 = 4-2 with the 4 coming from trace of Dirac gamma 
matrices, and 2 because of summing over fermionic and conjugate fermions. 
The term 4c appears because of the mass mixing term between the fermions 
and their conjugates. Next we have 



(98) 



-IV ( • 



flf ) 



where G l , F^ v and are the SU(3), SU{2) and U(l) gauge curvatures. 
The contributions from the leptonic sector are 



1 ^TrF 
16tt 2 6 ^ 



1 24 
16vr 2 lF 



2 (-*§ ) 2 F^F^ a + 2 (*|) 2 B, V B^ + {i 9l f B^B^ 



and from the quarks sector 



! = -| JL (2 • 3 (-if) 2 F^ v F^ va + 2-3 (-*!) 2 



16vr 2 6 



+3 ■ ( -<?i ) B^B^ + 3 



2i 



51 B^B"" + 2 ■ 4 ■ 



ff 3 ) G^G"* 



where 24 = 4-3-2, the 4 is due to trace on gamma matrices, 3 from 
generations and 2 from fermions and their conjugates. Next, l^Tr(E 2 ^ 
gives the extra contribution of 



(99) 

where 

(100) 

Finally 



d = tr (V fl | 4 ) and e = tr (V«| 2 |F| 2 ) 



(101) 

where 

(102) 



Tr (tf^) 2 ->&M 4 



6= tr 3|fc u r + 3 



+ \k e \ A + \k 



u\4 
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Summarizing, we have 

384 f 

(103) a = ^2 / d4x V9 

M 



(104) a 2 = 
(105) 




04 



16vr 2 



M 



+ 8 (a\D^\ 2 + \R (a W\ 2 + + b\<p\ 4 + \d~\a (\vf)^ 
+8 (gl (G^) 2 + g\ {F« u f + | 5 2 (B^) 5 



+ 
+ 



+ J d 3 xVh(^K(a\<p\ 2 + ±c 

dM 

^ (bRK + 4Ki? a „ a „ + AK ab R c acb + 18i? anbn ^ a6 ) 
|1 J_ (W 3 + 39KKabK *b _ n6K a b K b c K c a )^j 

=^f/^((-!^ + ^-lw) 

+a |D^| 2 + Ifl (a |^| 2 + ic) + 6 M 4 + 2e|c^| 2 + ^ - (M 2 ) 



2 



+ — (bRK + 4Ki? a ncm + 4^ a6 iT acb + l%R anbn K ab ) 
(l7K 3 + 39KK ab K ab - llQK b K b c K c a ^j ^ | 



15 

(106) 

4 
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Thus we reach the final result that the spectral action for the standard model 
including all boundary terms is given by 

, 48A 



(107) 
where 

(108) 



8A f r 

M 



8A. 2 



7T- 



/^(-ia-i^M' + lc)) 

M 



- J d 3 xVhK 

dM 



> 



+ -^h I d'xVh (3 (K* - 2K ab K" b )) 

(47r)2 J v v >> 

V ' dM 



+ 



A 

2vr 2 



+ 



+fli(G^) 2 +^(^) 2 + ^(^) : 

+6| v | 4 + 2e|^| 2 + id-ia(M 2 )^ 



/v \a\^ + \c 



(3M 



15 

4 



+ AKR a nan + 4K abJ R c ac6 + im anbn K ah ) 

+ A ^7^3 + 39KKabK *b _ n 6K b K c Kc ^ , 

oo 

fn = Jv n - l f(v)dv. 



There are two things to be noted about the form of the boundary terms. 
First, the Higgs fields do contribute through the combination 



1 



K ( a \ip\ + -c 
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This is dictated by the presence of the term 

and therefore, they again appear together, with the same sign and relative 
factor of 2. This is remarkable and means that the spectral action takes care 
of its own consistency. The second thing, is the absence of the contributions 
of the gauge fields to boundary terms. It is known that both in the Hamil- 
tonian formulation, or Lagrangian path integrals, a boundary term is added 
to the make the definition of conjugate momenta possible and to enforce the 
Gauss constraint on the divergence of the electric field. It was, however, 
shown by Vassilevich [20J (section 3.4) and [19J that the Yang-Mills action 

(109) \ J d'x^g (F« u F^ a ) 

M 

where 

(HO) F£, = d,A a u - d v Al + f^Afal 

can be put into the form 

\ J d 4 x^A? a (i-g^grVJJv + V P V CT + R pa ) g a p + 2F~< a (B) /^) A^ 

M 

+ d 3 xVhA ua (V n A UQ - V u A na ) 

dM 

where the field A^ is expanded around a background B" By imposing the 
gauge condition 

(111) V^A^ = 
and one of the two boundary conditions 

(112) A n \ dM = 0, (V n 5 a b ~ K ab ) A b \ dM = 
or 

(113) (V„ - K) A n \ dM = 0, A a \ dM = 

the boundary term will vanish in both cases. We have noted that we have 
taken the first condition to avoid any appearance of gauge fields in the 
boundary. In other words the spectral action needs only part of the first 
two conditions. It also seems to imply that the second part of the bound- 
ary conditions arise as integr ability condition derived from the boundary 
conditions of the Dirac operator. 

From all these considerations we deduce that the simple requirement of hav- 
ing boundary conditions for the Dirac operator which are consistent with 
the self-adjointness of this operator, is enough to guarantee that the spec- 
tral action has all the correct boundary terms, including correct signs and 
coefficients. 
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6. Spectral action in presence of dilaton 

We now deal with the question of what is the form of the action if a scaling 
is introduced through the operator 

(114) e^V* = - {GTd^du + A^ + B) 
where 

A* = e-^AV - 2G^d u ^, 

We have shown in [7] that for this operator we have the identity 

(115) S + ±R(G) = e- 2 *(E+±R(g) 
where 

£ = B-G*" (<VV + - Y% (G) Z7 P ) , 

^„ = \g^ {A v + T» (G)), 
Mi/ = dfjtoj'v - d v uj' p + [u/^, u' v ] . 
It is then convenient to use these relations as well as 

(116) R (g) = e 2 * (R (G) - 6 GT (- VjV^ + d^d u <f)) , 

to work out the spectral action for the scaled operator on manifolds with 
boundary. A good starting point is the equality 

(117) (^\D\^) = (^'\D'\^')' 
where 



3 . 



(118) |*) = e2 
then the boundary conditions are taken to be 

(119) IL_*'| 9M = 0, 
which implies the boundary condition for D 2 

(120) U^D'^'\ gM = 



so that the function S is evaluated using the rescaled metric G^ v . To cut 
the story short, there are only few places where we expect the dilaton to 
contribute. The terms in the bulk have already been evaluated, except for 
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the total divergence (5E + R).£ which does receive a dilaton contribution 
equal to 



(121) - / d'xVG g kX {d^dxcp - v£vft 



M 



(122) 



d 3 yVHd n H ab {d a <j>d b <t> - Vf Vf cp) + (dn^dncj) - V n V n ct>) 



M 



The remaining boundary terms could be simplified by observing that first 
modification occurs for {er^D 2 e~^ , \) where we have the combination 



(123) 



1 



720Tr [£ + -R (G) 5 + -K 



1 



which, in the case of the standard model, is equal to 
1 1 



16vr 2 360 



/o j d 3 r /H720 (-^) (384) (-^j 
dM 



(r (G) + 6 H ab (vf vf </» - d a 4>d b( £) + 6 (v n v n - d n( j>d n 4>)) 

which implies that the last term for 04 gets modified by replacing | (5RK + • • • ) 
by 

(124) 

^2/0 J d 3 y^HK (R (G) + m ab (Vf Vf <f> - da^) + 6 (V n V n - £W<9 n <£>) 

and the boundary term, not being conformally invariant, gets a contribution 
dependent on the dilaton. Therefore the full action takes exactly the same 
form as before, but as function of the metric G^ and the induced metric 

H a b = e 2 ^h ao and the Higgs field 92' = e~^(p and the fermions = e - ^^, 
plus the extra terms 

(125) 



±|/ 2 / d 4 xVGG^d^d^ 
7T 2 Jm 



(126) 

+ 4/o / d 3 x^H(K + d n ) [tf a6 (Vf Vf - V o 0V 6 <£) + (V n V n </> - d n <f>d n < 



dM 



Practical applications of these results will be dealt with in the future. 



7. Appendix 1: the case of the disk 



We take the case of the Dirac operator in the unit disk, in order to check 
the conventions for the extrinsic curvature. We take the Dirac operator in 
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the form: 

D _{ d x + id y 
V -d x + id y 

and we write it in polar coordinates (r, 6) using 

1 1 

d x = cos 6 d r — sin 6-dg , d y = sin 6 d r + cos 9—dg 

so that 

D = i( lx {e)^d 6 + l2 {e)d r ) 

where 

, m f e ie \ ( -ie w 

H(0) = [ e - i6 J , 72(0) = fe _* 

The 7j(0) are self-adjoint of square 1 and fulfill the Clifford relations 

7l(0)72(0) = -72(0)7i(0) =^7 
where 7 = ^ q ^1 ) S^ ves grading. Note also that 

<%(7i(0)) = -72(0) 
Lemma 1. The boundary condition for D is given by 

7i(0K = £ 

Proof. By definition the boundary condition is given as = on the 

boundary, where ([20] p. 297) 

EL = ^{l-ijnl) 

with 7 n the Clifford multiplication by the normal, and 7 the grading as 
above. 

We have D = i(^f x d x + Jyd y ) where 

/ -i \ ( 1 

7 * = V < J ' 7 ^ = ( 1 

and thus the inward normal corresponds to 

7n = — cos 6>7 X - sin 6>7 y = -72(0) • 

One has ry n 7 = —^72(0)7 = 7i(0) and thus II_ = \(\ — 71(6*)). □ 

Lemma 2. The additional boundary condition for D 2 is given by 

(d n -±)n + a = o, n + = ~(i + 7l (0)) 

where d n = —d r is differentiation relative to the inward normal. 
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Proof. The additional boundary condition is 

n_£>e = o, n_ = i(i- 7l (0)). 

Up to an overall factor this gives N£ = with 

N = (l-7i(0))(7i(0)-00 + 72(0)dr). 
r 

One has 

(1 - 71 W)7S(») 5r = 72 (0) <9 r (1 + 71 = 2 7 2(0) 5 r n + . 

Next, using the first boundary condition, one gets dg(l — 71 (#))£ = on the 
boundary circle. One has moreover 

dei = d e (li(e)0 = (0*(7i(0))£ + 7i(0)0e£ = -7 2 (0)£ + 7l(W£ 
Thus on the boundary one has 

(l-7i(0))^ = -72(#)£. 
This yields, on the boundary, 

N = 72(0)- + 2 72 (0) d r U + 
r 

and hence 

-\l2(0)N = (d n - l -)H + 
since d n = —d r . □ 



8. Appendix 2: Sign of boundary term in Einstein action 

We use the notations of [18] . We check that in Euclidean signature the 
correct combination which gives the Einstein equation is 



/ R^gd 4 x-2 [ KVhd 

JM JdM 



3 y 



where R is positive for the sphere, and K is positive for the ball. This fits 
with Hawking [14] from which one can also check that the Euclidean action 
is as above for the overall sign. 

8.1. Sign of R. The Ricci scalar is defined by 

(127) R = g^ v R^u, Rfj_ u = R p fipi/ 
where in a geodesic coordinate system 

(128) R ,up 9pp,ua 3iscr,/ip + 9fp,pcr) 

Thus for the sphere with g^ v = (1 + ^p 2 )^ 2 S pu the value of R is n ( n ~ 1 > Q 
which is positive since Q, > 0. 



2.3 



8.2. Stokes formula and outer normal. We start with a vector field 
X = X^dfj, on a manifold with volume form to. The divergence of X is given 
by 

divX = dixw 

which is the Lie derivative dxto of the volume form since dx = dix + ixd 
on forms. The Stokes formula gives 

divX = ixto 

M JdM 

where both M and dM are oriented so that 

da = a 
>M JdM 

Using a Riemannian metric g on M and the induced metric h on dM we get 
a formula of the form 



(129) f X^ l . ^/gd n x = - f X^n^Vhd 

JM ' JdM 

and we need to determine the sign of the normal = g^ u n u . Note that in 
this formula the choice of orientation of M has disappeared. To get the sign 
of n v one can take the one dimensional case where M = [a,b] with a < b. 
Thus the coordinate x increases from a to b. One lets X = f{x)d x . The left 
hand side of (I129|) gives 

<b d x f(x)dx = f(b)-f(a) 



which shows that n v is the inward normal. More generally if we let k(x) be a 
convex function such as k(x) = ^(x 11 ) 2 in W 1 and take M = {x\ k(x) < 1}, 
we can take for X the gradient of k. Then the left hand side of (|129l) is 
positive and thus the normal is again the inward normal. 

8.3. Extrinsic curvature. We now recall the definition of the extrinsic 
curvature |18] : The extrinsic curvature K a b is defined by 

K a b — flfi; v &a^b 

where is the inward normal. 

Let us compute it explicitly in the case of the disk of radius R in the plane 
with coordinates and flat metric = 5^ u . We take for y the angular 
parameter y = 9 so that 

x 1 (y) = R cos 9, x 2 {y) = Rs\n9 

There is only one index a = 1 and one has 

e\ = doRcos9 = —RsinO , e\ = doRsm.9 = Rcos9 . 

The coordinates of the inward normal are 



n» = -x^/^ix 1 ) 2 + (x 2 ) 2 
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One finds by direct computation that 

One has h\\ = R 2 and thus h 11 = R~ 2 which gives in this case 



K = h ab K ab = - . 

One defines by 

(130) = h ab e%e" b 

then 

K = h ab K ab = -h ab n p , v e^ b = -h^ 



1 



Mi v ■ 



8.4. Variation of the Einstein action. This is well known, but to fix the 

notation, we give the main steps. The intermediate steps are given in |18j . 
Variation of the Einstein action is 

SIe = [ S(g^R pu ^)d 4 x 
Jm 

= [ {R»u-\Rg^)WJgd A x+f g^SR^d A x 
Jm z Jm 

We then use 

(131) grSRp, = X% 
where 

Using Stokes theorem 

(132) f X^y/gd^x = - [ n^X p Vhd 3 y 
Jm JdM 

(133) = - / hT (5g pu , p - 5g m p )nPVhd 3 y 



IBM 

(134) = f h^5g pu , p n p Vhd 3 y 

JdM 

where in the last step we used that the variation of g pu and the tangential 
derivative of 5g pu is zero on dM so that Sg^^e^ = and h^Sg^a = 0. 
For the variation of the boundary term we have 

(135) 5 [ 2KVhd 3 y= [ 2W a, 5T\ , llu n p Vhd 3 y 

JdM JdM 

(136) =-/ h^5g^XVhd 3 y 

JdM 

Thus 

(137) 6 I J d 4 x^R + 2 J d 3 xVhK J = J (R^ - ^Rg^)6g^^d 4 x 

\M dM I 



25 



Acknowledgment 

The research of A. H. C. is supported in part by the National Science Foun- 
dation under Grant No. Phys-0854779. 

References 

[1] N. Barth, "The fourth order gravitational action for manifolds with boundaries", 

Class. Quant. Grav. 2 (1985) 497. 
[2] T. Branson and P. Gilkey, "Residues for the eta function for an operator of Dirac 

type with local boundary conditions", Diff. Geom. Appl. 2 (1992) 249. 
[3] T. Branson and P. Gilkey, "Residues of the eta function for an operator of Dirac 

type", Journal of Functional Analysis 108 (1992) 47. 
[4] T. Branson, P. Gilkey and D. Vassilevich, "Vacuum expectation value asmyptotics 

for second order differential operators on manifolds with boundary", J. Math. Phys. 

39 (1998) 1040. 

[5] Ali H. Chamseddine and Alain Connes, "Universal Formula for Noncommutative 
Geometry Actions: Unification of Gravity and the Standard Model", Phys. Rev. 
Lett. 77 4868 (1996); "The Spectral Action Principle" Comm. Math. Phys. 186 731 
(1997). 

[6] A. H. Chamseddine, A. Connes and M. Marcolli, Gravity and the standard model with 

neutrino mixing Adv. Theor. Math. Phys. 11, 991 (2007) |arXiv:hep-th/0610241] . 
[7] Ali H. Chamseddine and Alain Connes, "Scale Invariance in the Spectral Action" J. 

Math. Phys. 47 063504 (2006). 
[8] A. H. Chamseddine and A. Connes, Conceptual Explanation for the Algebra in the 
Noncommutative Approach to the Standard Model Phys. Rev. Lett. 99, 191601 (2007) 
|arXiv:0706.3"690l [hep-th]] 
[9] A. H. Chamseddine and A. Connes, Why the Standard Model J. Geom. Phys. 58, 38 
(2008) |arXiv:0706.3"688l [hep-th]] . 
[10] Ali H. Chamseddine and Alain Connes, "Quantum Gravity Boundary Terms from 

Spectral Action", Phys. Rev. Lett. 99 071302 f2007). larXiv:0705.1786l 
[11] P. Gilkey "Invariance Theory, the heat equation and the Atiyah-Singer Index theo- 
rem", CRC press, second edition. 
[12] P. Gilkey "Asymptotic Formulae in Spectral Geometry", CRC press, 2004. 
[13] P. Gilkey and K. Kristen, "Stability theorems for chiral bag boundary conditions", 

Lett. Math. Phys. 73 (2005) 147. 
[14] Editors G. Gibbons and S. Hawking, "Euclidean Quantum Gravity", World Scientific 
1993. 

[15] K. Kuchar, "Geometry of hyperspace I and II, J. Math. Phys. 17 (1976) 777 and 792. 
[16] H. Luckock "Mixed boundary conditions in quantum field theory", J. Math. Phys. 
32 (1991) 1755. 

[17] C. Misner K. Thorne and J. Wheeler "Gravitation" section 21.4-21.8 
[18] E. Poisson, "An advanced course in General Relativity", 2002. 

[19] D. Vassilevich, "The Faddeev- Popov trick in the presence of boundaries", Phys. Lett. 
B421 (1998) 93. 

[20] D. Vassilevich, "Heat kernel expansion: user's manual", Physics Reports 388 (2003) 
279-360. 

E-mail address: chamsOaub . edu . lb 
E-mail address: alain@connes.org 



